Abstract: We improve our previous generalizations to Arsove's and Kołodziej's and Thorbiörnson's results concerning the subharmonicity of a function subharmonic with respect to the first variable and harmonic with respect to the second.
is harmonic. Then u is subharmonic and continuous in Ω.
We improved the result of Kołodziej 1.3. Our presentation below, including the presented references, is rather detailed. For the notation, and for the definitions and properties of subharmonic functions, nearly subharmonic functions, quasinearly subharmonic functions (and quasinearly subharmonic functions n.s., too) etc., see e.g. [Br69] , [He71] , [Ta88] , [RiTa93] , [Ri07 4 ], [Ri08] , [PaRi08] , [Ri09] , [PaRi09] , [Ri11] , and the references therein.
2. ARSOVE'S RESULT AND ITS IMPROVEMENT 2.1. Arsove's result is:
Arsove 
Proof. It is easy to see that u is Lebesgue measurable. Therefore also u M := max{ u, −M } + M, M > 0, is Lebesgue measurable. We must show that u + ∈ L 1 loc (Ω) and that each u M satisfies the generalized mean value inequality.
To see that u + ∈ L 1 loc (Ω), we proceed as follows. Observe first that 0
It remains to show that for all
To see this, we proceed in the following standard, direct and short way, see e.g. [He71, Proposition 2 c) and proof of Theorem a), pp. 10-11, 32-33] and [Ri07 4 , p. 59]:
Above we have used, in addition to the fact that, for every y ∈ R m , the functions u(·, y) are K-quasi-nearly subharmonic, also the following lemma. (Observe that the proof of the Lemma, see [He71, proof of Theorem 2 a), p. 15], works also in our slightly more general situation: Recall that in the definition of nearly subharmonic functions, we use instead of the standard condition v ∈ L 1 loc (U), the slightly weaker condition 
AN IMPROVEMENT TO THE RESULT
the standard Laplacian with respect to the variable x = (x 1 , x 2 , . . . , x N ). More generally, if x ∈ D and f ∈ t 1 2 (x), i.e. f has an L 1 total differential of order 2 at x, then ∆ f (x) equals with the pointwise Laplacian of f at x, i.e.
Here D j j f represents a generalization to the usual 
Below we use the following notation. Let Ω is a domain in R m+n , m, n ≥ 2, and u : Ω → R. If y ∈ R n is such that the function 
⊂ Ω and such that the following conditions are satisfied: 
as x ′ → x, x ′ ∈ K, and 4 (d2) for each y ∈ B n (y 0 , r 2 ) \ H and for almost every x ∈ B m (x 0 , r 1 ),
Then u is subharmonic in Ω.
Proof. Choose r ′ 1 , r ′ 2 such that 0 < r ′ 1 < r 1 , 0 < r ′ 2 < r 2 , and such that (
For the sake of convenience of notation, we change the roles of r j and r ′ j , j = 1, 2. We divide the proof into several steps.
Step 1 Construction of an auxiliar dense set G.
For each k ∈ N write
Clearly A k is closed, and
It follows from Baire's theorem that G is dense in B m (x 0 , r 1 ).
Step 2 The functions
Since u(·, y) is subharmonic, ∆ 1r u(x, y) is defined and nonnegative. Suppose then that x ∈ G and 0 < r < r x . Since B m (x, r) ⊂ G and
m (x, r) and y ∈ B n (y 0 , r 2 ), and hence
To show that ∆ 1r u(x, ·) is continuous, pick an arbitrary sequence y j →ỹ 0 , y j ,ỹ 0 ∈ B n (y 0 , r 2 ), j = 1, 2, . . . . Using then (1), Lebesgue Dominated Convergence Theorem and the continuity of u(x, ·), one sees easily that ∆ 1r u(x, ·) is continuous. To show that ∆ 1r u(x, ·) satisfies the mean value equality, takeỹ 0 ∈ B n (y 0 , r 2 ) and ρ > 0 arbitrarily such that B n (ỹ 0 , ρ) ⊂ B n (y 0 , r 2 ). Because of (1) we can use Fubini's Theorem. Thus
Step 3 The functions 
On the other hand, since x ∈ G ∩ A, we know that for each y k ∈ H, k = 1, 2, . . . , 
exists and defines a harmonic function in B n (y 0 , r 2 ). Since the limit is clearly independent of the considered sequence r j , the claim follows.
Step 4 The function where, for arbitrary y ∈ B n (y 0 , r 2 ), we use the notation
Using the assumption (d1), one sees easily that
To show the existence of the desired continuous extension, it is clearly sufficient to show that for each
exists. (This is of course standard, see e.g. [Di60, (3.15.5), p. 54].) To see this, it is sufficient to show that, for an arbitrary sequence (
That this limit indeed exists, is seen as above, just using the facts: − the functions ∆ 1 u(x j , ·), j = 1, 2, . . . , are nonnegative and harmonic in B n (y 0 , r 2 ), by Step 3; r 2 ) ). The following argument shows that the former alternative cannot occur. Indeed, for each x ∈ A ∩ B and for each y k ∈ H, k = 1, 2, . . . , we see, using the definition of the (continuous) function∆ 1 u(·, ·) and (d1), that
Step 6 below for the definition of v(·, ·) : B m (x 0 , r 1 ) × B n (y 0 , r 2 ) → R.) Therefore, for each x ∈ B m (x 0 , r 1 ), the functionṽ(x, ·) and thus also the functionh(x, ·) = u(x, ·) +ṽ(x, ·) are harmonic.
Step 6 For each y ∈ B n (y 0 , r 2 ) the function To see thath(·, y) is harmonic also for y ∈ B n (y 0 , r 2 ) \ H, takeỹ 0 ∈ B n (y 0 , r 2 ) \ H arbitrarily, and proceed in the following way. Take z ∈ A ∩ B ∩ A(ỹ 0 ) ∩C(ỹ 0 ) arbitrarily, where, for arbitrary y ∈ B n (y 0 , r 2 ) \ H,
Thus we may also suppose that ∆ 1 * u(z, y ′ ) = ∆ 1 u(z, y ′ ) ∈ R. Using then our assumption (d2) and the continuity of∆ 1 u(·, ·), we see that
Step 7 Though our Theorem 2 might still be considered somewhat technical, it has, nevertheless, the following concise corollaries, both of which already improve the result of Kołodziej 
